Agent based models take into account limited rational behaviour of individuals acting on financial markets. Explicit simulation of this behaviour and the resulting interaction of individuals provide a description of aggregate financial market time series. Although the outcomes of such simulations often exhibit similarities with real financial market time series, methods for explicit validation are required. This paper proposes validation using simulation based indirect estimation. It uses typical characteristic moments of financial market data to assess the similarity of simulation outcomes. Furthermore, the parameters of the agent based models can be estimated by maximizing this similarity. The paper presents details of this estimation approach and first results for the US-$/DM exchange rate.
Introduction
Standard models of financial markets are based on fully rational behaviour of all agents and indicate that markets are efficient (Fama, 1970) . Despite the overwhelming empirical support for this approach, it is also well known that it cannot adequately describe all typical features of financial market times series (Caginalp et al., 2000) . Furthermore, results of surveys conducted among market participants (Arnswald, 2001; Cheung and Wong, 2000) or direct observation of trading activities (Grinblatt and Keloharju, 2000) cast some doubt on the assumptions underlying the efficient market theory. However, if agents do not act fully rationally or are heterogenous, the resulting market dynamics might be highly complex (Brock and Hommes, 1997) . Since agent based models allow for heterogenous and limited rational behaviour, they gained increasing interest. A further advantage of these models consists of the fact that interactions between agents are taken explicitly into account and influence the market outcomes. Special issues of Computational Economics and the Journal of Economic Dynamics and Control in 2001 devoted to agent based models reflect this growing interest, which is not limited to financial market modelling.
2 Agent based models of financial markets developed during the last decade take into account observed behaviour of individual agents like momentum investment, herding or learning.
3 Sometimes, the simulation results of agent based models are compared with empirical findings based on typical features of financial market data like momentum investment (Lettau, 1997) or leptokurtosis of return distributions (Lux, 1998) . In general, however, "validation . . . remains a very weak area for the class of models described here." (LeBaron, 2000a, p. 698) . Neither are parameters of agent based models estimated or calibrated nor is the performance of the models evaluated against actual data. This lack is attributed to the typically large number of parameters describing agent based models, which might allow to fit any feature of real data, and to the complexity of model evaluation for a given set of parameters, which, in general, is not possible analytically.
The contribution of this paper is to indicate, how evaluation of agent based models can be strived for despite this hurdles. To this end, we undertake the estimation of some parameters of a simple agent based model using a simulated indirect estimation approach. The estimates are obtained by minimizing a loss function which is based on comparing moments of the simulated data with those of empirical data for the foreign exchange market. Although our application is limited to a single model and a small number of specific features, it seems straightforward to extend the approach to a broader set of data characteristics and, consequently, to a larger set of model parameters. However, as soon as the agent based model does not allow for an analytical solution, available computing resources and optimization techniques may impose a binding constraint on the number of parameters which can be taken into account.
We obtain first results for a simple agent based model of the foreign exchange market introduced by Kirman (1991) . Simulation of the model generates time series which share typical features with real exchange rate data. However, the number of moments of the data used for comparison purposes is still limited for this first implementation. Furthermore, due to the large simulation variance the implicit indirect test of the model against real data is not a very restrictive one yet, 4 but can be easily sharpened provided that additional moments can be taken into account and computational resources do not provide a binding constraint.
The paper is organized as follows. In section 2, the data are introduced and some typical characteristics of the data are discussed, which can be used for indirect estimation. A short sketch of the simulation model is provided in section 3. The approach for indirect estimation of some parameters of this model is described in some detail in section 4. The results of a first implementation are summarized in section 5, while section 6 provides a conclusion and the outlook on further research.
Characteristics of financial market data
The statistical description of financial market data is a large and still growing field (Cont, 1999; Arifovic and Gençay, 2000) . Consequently, a large number of specific features of these data has been described already. Given that typical agent based models include a large number of parameters, which have to be set, calibrated or estimated, it seems reasonable to use as much information from empirical data as possible in order to obtain reliable estimates and powerful tests of the models. Therefore, future extensions of the approach presented in this paper will have to take into account a much larger number of moments of financial market data than considered for this first application. For the introduction of the indirect estimation approach applied to agent based models of financial market data, a small number of moments might be sufficient. This helps to keep the computational load at a feasible level and to gain a better understanding of the resulting objective function. Figure 1 provides the daily logarithmic returns of the DM/US-$ exchange rate (implicit EURO/US-$ rate from January 1999), which serves as benchmark example for this first implementation. The high number of large positive and negative returns indicates that a normal distribution is probably not well suited to describe their distribution. In particular, the distribution seems to exhibit fat tails compared to a normal distribution. Assuming that the third moment (kurtosis) exists, 5 these fat tails result in estimates for the return distribution expected to be significantly larger than for a normal distribution. Consequently, these excess kurtosis might serve as one of the moments to be matched by the simulated estimation approach. Besides the fat tails of daily returns, the literature also describes a decreasing excess kurtosis under time aggregation (Lux, 1998) . Table 1 shows the empirical skewness and kurtosis of the returns for non overlapping time periods of differing lengths. The result support the view of a decreasing excess kurtosis under time aggregation for the returns of the DM/US-$ exchange rate which should be mirrored by an adequate agent based simulation model.
A second characteristic feature of the daily return series, which is used for the indirect estimation approach, is the time varying volatility or volatility clustering. The simplest model for capturing this feature is a standard ARCH-model.
6
Let r t denote the daily return, then an AR(1)-process for r t with ARCH(1)-effect can be described by
where
In table 2 some maximum-likelihood estimation results are presented for the coefficients of this model using different sample periods in order to assess the robustness of the estimates.
Although the coefficients change depending on the sample chosen, the estimated ARCH(1)-effectα 1 is always significant, for all time periods after 1980 typically in a range between 0.1 and 0.25. Consequently, the time series generated by the agent based models should replicate this feature. For the further analysis, the ten year sample from 11.11.1991 to 9.11.2000 serves as reference.
It should be kept in mind that neither the estimates of kurtosis nor the ARCH-model provide a satisfying description of the exchange rate time series 5 We are aware of the fact that third moments might not be existing for return distributions. Therefore, we also use a non parametric measure of the tail index as moment to be matched.
6 An introduction to ARCH-models for financial market data is provided by Gouriéroux (1997) . As for the fat tails, different -and maybe more adequate -models could be used including MS-AR or SETAR type models. This is left for future research. or the return time series. 7 Nevertheless, these features appear to be significant and robust. Hence, they may contribute to the estimation of parameters of agent based models (Gouriéroux and Monfort, 1996) . As long as our estimates are based on only these two moments of the data, they can hardly be highly discriminatory. Consequently, in order to discriminate between several agent based models using simulation based indirect estimation, further features of the exchange rate time series have to be taken into account in future research. In particular, we will consider information contained in the whole distribution of returns for different time horizons and conditional on past information.
A simple agent based model
Meanwhile, the literature offers a large variety of agent based models of financial markets. The final goal of our indirect estimation approach consists in providing a validation approach for such models. Nevertheless, our first implementation is restricted to a single simpel model in order to gain experience with the method and add necessary refinements before approaching more demanding models or a comparison of or discrimination between models. We use the model originally introduced by Kirman (1991 Kirman ( , 1993 . This agent based model stresses the importance of interaction between heterogenous, not fully rational individuals.
The model assumes that the individuals acting on the foreign exchange market differ with regard to their behaviour. A first type of agents acts on fundamentals, i.e. they expect an adjustment of prices towards the fundamental value of the asset which is assumed to be known to all agents. The second type of agents follows a momentum strategy or chartist rule. An agent of this type expects price changes to be the same as in the previous period.
Besides this heterogeneity of agents' behaviour already introduced in Frankel and Froot (1986) , an even more important feature of the model is that the type of any individual agent can change over time. This may happen for two reasons. Either the agent undergoes a random mutation with probability ε or he is convicted by a direct interaction with a second individual. Conviction is modelled as a discrete process in time. At any time period two randomly 7 In fact, the coefficient of determination for the ARCH-model is smaller than 0.002. selected agents meet. The second one will convince the first one of his point of view, i.e. change the type of the first agent to his type, with a given probability δ. Consequently, due to mutation and conviction, the share of fundamentalists and chartists in the population of agents changes over time. It turns out that these simple model of endogenous agent types coupled with a price process depending on the type of agents in the population is able to generate quite complex dynamics including ARCH-effects and excess kurtosis.
For the application to the foreign exchange market, it is assumed that fundamentalists expect the exchange rate S t to return gradually to its fundamental valueS which is assumed to be known with certainty. Consequently, the expected change of the exchange rate for fundamentalists is given by E f [∆S t+1 ] = ν(S − S t ), where ν denotes the expected adjustment speed. The chartists are assumed to extrapolate last period returns, i.e. their expectations are described by E c [∆S t+1 ] = S t − S t−1 . In order to derive a time series for the exchange rate, some additional assumptions about trading behaviour are required. In principle, one could assume that agents trade according to their expectation given some degree of risk aversion. However, Kirman (1991) reintroduces some pseudo-rationality into the model assuming that the agents have some noisy information on the share of fundamentalists in the population. Furthermore, it is assumed that it pays off to follow the majority independent of one owns expectations. Adding this assumption increases the probability of having a large share of agents acting like fundamentalists of chartists, respectively. Then, as in Frankel and Froot (1986) the market price can be derived as a weighted average of market expectation
] and fundamental value, where w t is the share of agents expecting fundamentalists to be dominating.
Of course, this model can be extended and modified in several directions.
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For example, the probability δ of convincing another trader could be made dependent on past success. Furthermore, the market price could be obtained from explicitly modelled demand and supply schedules of individual agents. The number of different agent types can be increased (Lux, 1998) etc. However, since our goal in this paper is to present simulation based indirect estimates of model parameters, we stick to the basic model and leave a comparison with more sophisticated variants for future research.
Indirect estimation
Besides the two parameters ε and δ already introduced, a view further parameters have to be set in order to describe the agent based model completely. Table 3 provides an overview on these parameters. Of course, all of them could be incorporated in the estimation approach described in this section. However, in order to keep the problem computationally feasible, we decided to start with only the two parameters δ and ε describing the dynamics of agent types. The statistical properties of the real exchange rate series we want to match in a first attempt with our model are the estimated ARCH(1)-effect α 1emp and the empirical kurtosis k demp of the daily logarithmic returns of the DM/US-$ exchange rate. Again, future work will add more or replace existing benchmarks in order to make the validation approach more discriminatory. The indirect estimates of the parameters ε and δ are given byε andδ minimizing the objective function
where k d andα 1 are the mean values obtained from nrep = 10 000 simulations of the model. In order to make these statistics more robust we delete the first and the last 10% of results in the tails, i.e. consider only a trimmed mean in the objective function. Algorithm 1 describes the estimation procedure in more detail.
5 First results and further research Figure 2 shows a surface plot of the objective function against different values of ε and δ based on nrep = 10000 simulated price paths. Although the plot of this objective function appears to be quite smooth, there is still some Monte Carlo simulation variance present preventing an effective numerical optimization of the objective function with standard optimization routines such as the Nelder-Mead simplex direct search method (Lagarias et al., 1999) . As a further increase in the number of simulations per parameter vector (nrep) is not feasible given the computational constraints and would not eliminate the Monte Carlo simulation variance completely, we will implement the optimization heuristic Threshold Accepting (Dueck and Scheuer, 1990; Winker, 2001) for explicit minimization of the objective function.
Since the Threshold Accepting implementation is not available yet, we have to rely on a further refinement of the grid search approach for obtaining a first Evaluate objective function
end for 15: end while "guesstimate" of the optimal values of ε and δ. Figure 3 shows a detail of the surface provided in figure 2 using a finer grid and again nrep = 10000 simulated price paths per grid point.
The finer grid underlying figure 3 highlights the persisting Monte Carlo variance. Nevertheless, the figure still permits to identify a valley of the objective function for certain combinations of the parameters ε and δ. The minimum of the objective function on the grid is obtained for ε = 0.0008571 and δ = 0.3250. For these values, the mean value of the kurtosis for the simulated returns differs from its empirical counterpart by only 0.0069 in absolute value, while the absolute error for the ARCH(1) term amounts to 0.0414.
9 A different weighting of both components in the objective function would influence this outcome. Furthermore, it has to be noted that these results were obtained holding all other parameters fixed. However, efficient optimization using the Threshold Accepting heuristic will allow for a simultaneous optimization with regard to all relevant parameters.
Some asymptotic results on the convergence of Markov chains provided in Kirman (1993) allow for the conclusion, that the process will exhibit large shares of fundamentalists and chartists, respectively, with high probability, if ε < (1 − δ)/(n − 1). For our guestimates we find ε = 0.00086 < 0.0068 = (1 − 0.3250)/(100 − 1) = (1 − δ)/(n − 1). Thus, we may state that our estimates indicate that, in fact, the foreign exchange market can be better characterized by switching moods of the investors than by assuming that the mix of fundamentalists and chartists remains rather stable over time. 
Conclusion
Previous research using different kinds of agent based models indicated that empirical features of financial market data, which appear difficult to motivate using standard efficient market models, can be replicated. However, to our knowledge, a thorough validation of these models has not yet been undertaken (LeBaron, 2000b) .
Using a basic agent based model, this paper demonstrates how the estimation of parameters can be performed using indirect estimation methods. However, the Monte Carlo variance in the objective function and potential non-convexity if further characteristics are added precludes the use of standard optimization tools. Therefore, an optimization heuristic like Threshold Accepting has to be employed.
Future research will concentrate on the properties of different objective functions taking into account further empirical moments of the data. Then, the indirect estimation approach might also be used to discriminate among different agent based models. However, citing again LeBaron (2000b) : "this field is only in its infancy, and much remains to be done." 
